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number, including the boundary elements at both ends, the resulting permutation is called
a signed permutation. Eight combinatorial statistics about ascents, descents, sign changes
with respect to the signs are introduced. With the help of the context-free grammar theory,
a series of combinatorial properties of such signed permutations are presented, mainly in

Isi?g’ﬁrférmumiom the aspects of (homogeneous) y-positivity, (homogeneous) bi-y-positivity, determinantal
Context-free grammar expressions, Pélya-frequency, unimodal, log-concave, real-rooted, asymptotic normality.

(Homogeneous) y-positivity © 2026 Elsevier B.V. All rights are reserved, including those for text and data mining, Al
(Homogeneous) bi-y -positivity training, and similar technologies.

Determinantal expressions
Asymptotic normality

1. Introduction

This paper introduces and undertakes a detailed study of a new class of signed permutations. It is obtained from a
standard permutation by assigning to each entry a sign (+) or (—), including the boundary elements at both ends.

Let m =mymy ... my be a standard permutation of [n] = {1,2,...,n} with boundary elements 7y = 741 = 0. A signed
permutation of [n] associated with 7 is a sequence 75 = 7115 7123 71,;9 such that |7Ti8| =m; for each i € [n].

Since the boundary elements 7y and 7,1 are both 0 and carry no sign, we define the signed boundary elements 0%
and 0~ as formal symbols representing numbers infinitesimally close to 0 from the positive and negative sides, respectively.
These symbols are used to extend a signed permutation 7 to its boundaries, so that 7r5s, ﬂrﬁd € {07, 07). For the sake of
consistency in the permutation structure with respect to signs, we formally regard 0T and 0~ as having absolute value 0,
that is, 07| =]0"|=0.

There are four possible sign patterns for the boundary elements n(‘)s and 78

el namely

(8, 7o) €{(0F,0%), (07,07), (07,0%), (07,07)}.
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We call a signed permutation 7S a boundary-same-signed signed permutation if nag Jr,ﬁrl > 0, that is, if its boundary signs

are either (0%, 0%) or (0~,07). Similarly, we call 7S boundary-opposite-signed if n(‘)g n,ﬁq < 0, that is, if its boundary signs
are (07,07) or (0—,0%).

For consistency with the notation 0~, for any positive integer i we denote its negative by i~ rather than —i. Accordingly,
we naturally require the ordering

<27 <17 <0 <0<0t<1<2<---.

We also define the corresponding sets as

[nlo:=1{0",1,2,...,n}, [n 1]:={1",27,...,n7}, [nJo:={0",17,27,....,n"}.
It is worth noting that our definition of [n]q differs from the usual convention [n]g = {0} U [n], since here 0T 0.

Let us present two illustrative examples of signed permutations.

e The signed permutation 3174~ 25~ of [5] is a boundary-same-signed signed permutation if its two boundary elements
are both 0" or both 0~.

e The signed permutation 42~ 6513~ of [6] is a boundary-opposite-signed signed permutation if one of its boundary
elements is 0" and the other is 0~.

Given a signed permutation 7€ = 7115 7159 JT,;S of [n] with boundary elements 7'[5’S and JTHSH, we define eight combi-

natorial statistics for it:

pos(®) :=#{i e (0} U[n+ 11| ¥ € [nlo},

neg(®) :=#{i € (0} U[n+ 11| 75(i) € [n" To},

asct(wS) :=#{ie (0} Un] | 7f < nfﬂ and 77, ni‘il € [nlo},

asc_(ns) =#{ie{0}U[n]| ni‘s < ni‘i] and nis,niil e[n lo},

des+(n5) =#{i e {0} U[n]| n,-s > ni‘fﬂ and niS, ni‘il € [n]o},

des’(ns) =#{i e {0} U[n]| nis > ni‘L and nis, ni‘i] e[n" o},

scT(w®) :=#{i e (0} U [n] | 7 € [nlo, 54 € [ 1o},

sc (%) :=#{i e (0} U[n] | 75 € [n 1o, 754 € [nlo).

For convenience, we give the designations for the indices occurring in the above combinatorial statistics:

e each index i counted in pos(rS) (neg(S), respectively) is called a positive (negative, respectively) index in 7 ;

e each index i counted in asct (7wS) (asc™ (7w °), respectively) is called a positive (negative, respectively) ascent of 75;

e each index i counted in des* (77S) (des™ (;r°), respectively) is called a positive (negative, respectively) descent of 75;
e each index i counted in sct(7wS) (sc (), respectively) is called a positive (negative, respectively) sign change of 5.

Let SP, denote the set of all signed permutations of [n], where the boundary elements 7{59 and n,ﬁ_l range over all four
possible sign patterns. We define the following F-multivariable polynomials:

Fn(x1, X2, X3, X4, X5, X6, X7, X8)
S S + (7S — (7S +(rS — (7S +(7S — (S
_ pos( <) neg(mw<) ascT(m<) asc” (<) des (<) des (7<) sct(wS) sc (<)
= Z X3 X, X5 Xy X5 Xg X5 Xg .
7SeSPy

Further, we define

asc(rS) = asct () + asc” (%), des(r®) = dest (°) + des™ (1), sc(®) =sct (@) 4 s~ (),

which respectively count the numbers of ascents, descents, and sign changes of 7.

To reduce the number of variables and obtain a more compact generating polynomial, we merge the parameters that
record positive and negative contributions of the same statistic. In particular, by identifying the pairs (x3, X4), (x5, Xg), and
(x7, xg), we consider the following specialization of Fj:
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Gn(X1,X2, X3, X4, X5)

= Fn(X1, X2, X3, X3, X4, X4, X5, X5)
S S +(7S — (7S + (xS — (7S + (7S — (7S
pos(r <) neg(mw<) asc™ (<) asc” () desT (<) des” (w<) scT(wr) sc(w°)
Z X1 X X3 X3 X4 X4 X5 X5
TSeSP,
S S S S S
pos(r <) neg(mw<) asc(mr<) des(m) sc(mr)
Z X X, X3 Xy X5 .
1SeSP,

It is straightforward to see that

asc(m®) +des(S) +sc(w®) =n+1,

for any S € SP,. Therefore, we further define two generating polynomials by appropriate specializations of the variables
in Gp:

Hp(x1, X2, X3, X4)

= Gn(Xx1, X2, X3, X3, X4)
S S S S S
_ pos(r <) neg(mw<) asc(mr<) des(m) sc(mr)
= Z X X, X3 X3 X,
1SeSPy

S S S S
_ pos(t<) neg(w<) n+l—sc(w<) sc(mr<)
= E X3 X5 X3 X4
7SeSP,

and

L, y) = Ha(1 1,y x) = Y ®0ymi—scm®),
TSeSPy

For convenience, we write the multivariate polynomials defined above as Fy, G, Hy, Ly, if there is no need to indicate the
variables in them.

The purpose of this paper is to present some combinatorial properties of the signed permutation 7 with respect to
the combinatorial statistics pos(ns), neg(ns), asct(S), asc™(rS), dest(wS), des™ (wS), sct (@), sc™(7S). Our paper
is organized as follows:

e The context-free grammar technique proposed by Chen [3] plays an important role in our deductions, we will recall it
at the beginning of Section 2.

e By establishing the corresponding context-free grammars, in Section 2 we will give the recurrence relations of the
coefficients of the multivariate polynomials Fy, G, Hy, Ly.

e In a signed permutation, each element carries a positive or negative sign in addition to its position. Consequently, a
fundamental feature of signed permutations is the pattern of sign changes. Motivated by this, in the subsequent sections,
we focus on the bivariate polynomial L,(x, y), which encodes the number of sign changes in signed permutations,
highlights their combinatorial significance, and provides a convenient tool for further analysis.

e In the subsequent three sections, we investigate the properties of L,(x, y), presenting several combinatorial aspects
related to its coefficients, including (homogeneous) y -positivity, (homogeneous) bi-y -positivity, determinantal expres-
sions, Pdlya frequency, unimodality, log-concavity, real-rootedness, and asymptotic normality.

e Some concluding remarks and possible research problems are presented in the final section.

2. Context-free grammar theory and its applications to signed permutations

A context-free grammar G over a set A={x, y, z, ...} consisting of some variables is a set of substitution rules replacing
a variable in A by a Laurent polynomial on the variables in A. For a context-free grammar G over A, the formal derivative
D (introduced in [3]) with respect to G is defined as a linear operator acting on the Laurent polynomials with variables in
A such that each substitution rule is treated as the common differential rule that satisfies the following relations:

D(u+v)=D()+ D(v),D(uv) =uD(v)+vD(u),
where u, v € A. In particular, for a constant ¢, we have D(c) = 0. Clearly, the Leibniz formula is also valid:

n

D'y =3" (Z) D*(u)D"* (v).

k=0
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For example, if G = {x — xy, y — y}, then

D(x) =xy,D(y) =y, D*(x) =x(y + y»), D> =x(y +3y* + y*).

There are a lot of nice applications of context-free grammars in combinatorics. The readers can refer to [5,10,20,21] for
some relevant results. It turns out that many combinatorial structures can be generated by using some particular context-
free grammars, such as set partitions [3], permutations [11,22], Stirling permutations [4,25], increasing trees [4,11], rooted
trees [12], perfect matchings [25].

It is interesting that for the combinatorial statistics of the signed permutations introduced in Section 1, we can explore
them by some particular context-free grammars in the following subsections one by one.

2.1. Context-free grammar and recurrence relation for Fy

. k1 ks k3 ka ks ke k7 k . .
Denote by fn(ki, k2, k3, ka, ks, ke, k7, kg) the coefficient of x7'x57x5° X, x> x> X7 xg® in the generating polynomial Fy(xq, X2,

X3, X4, X5, Xg, X7, Xg). Let A = {X3, X4, X5, Xg, X7, Xg}, and G be the context-free grammar over A consisting of

X3 —> X1X3X5 + X2X7X3, X4 —> X1X7Xg + X2X4Xg,
X5 —> X1X3X5 + X2X7X8, Xg —> X1X7X8 + X2X4X6,
X7 —> (X1X3 + X2X4)X7, Xg —> (X1X5 + X2Xg)Xs.

Let us analyze in detail why this context-free grammar can work for the coefficients f,(k1, k2, k3, k4, ks, kg, k7, ks).
Given a signed permutation 78 € SPh_1, according to the correspondences between the variables and the combinatorial

StatlSthS occurring in Fp_1, we can label all the numbers 71 with i € {0} U [n] in 75, as well as the positions between JT,.S
and 78, forall i e {0} U[n—1]:

i+1

e If i is a positive (negative, respectively) index of 7S, then we label x; (xy, respectively) for the number niS .
S

e If i is a positive (negative, respectively) ascent of 7S, then we label x3 (x4, respectively) in the position between 7
and 71, T

e If i is a positive (negative, respectively) descent of 7, then we label x5 (xg, respectively) in the position between nis
and n, T

e If i is a positive (negative, respectively) sign change of 7S, then we label x7 (xs, respectively) in the position between
S S
w2 and 7
i i+1

Further, when we generate another signed permutation 7S € SP, based on 7S, a new number, either n or n—, is
needed to be inserted in 7. Assume that the new number is inserted into the position between 7r and 75, where
ie{0}U[n—1].

If the newly added number is n, then the generating form is given by:

i+1’

S S S .S S

T :7.[1 . 7‘[ 7'[1+1 7‘[71
— ﬁszn{s-unsnnlil 7l

_:8. 28=8 =S -3
=TT T TS Ty s

where nf—ns for any j € {0} U [i], nlﬂ_n andn _n forany]e{z—i—z i+3,...,n+1}L

If the newly added number is n™~, then the case should be

n=af wfrlymey
- 7S =nf..wSn” nfr] .
S S = S

S =5 =
=TT Wi iy T s

where 7S

; :n]‘.s for any j e {0} U[i], 77, =n", and ﬁf:nﬁ1 forany je{i+2,i+3,...,n+1}.
First we consider the case that the new number is n (a positive number). From the corresponding generating form, one

can see that

e If i is a positive ascent of 7S, then there is one more positive number and one more positive descent in 7€ than in
7S, and the cardinalities of the other statistics remain unchanged, leading to the context-free grammar x3 —> X1X3Xs.
This context-free grammar is also valid when i is a positive descent of 78, i.e., X5 —> X1X3Xs.



Z. Du, H. Bian, ]. Lichen et al. Discrete Mathematics 350 (2027) 115396

e If i is a negative ascent of S, then there is one more positive number, one less negative ascent, one more positive
sign change, and one more negative sign change in 7S than in 75, and the cardinalities of the other statistics remain
unchanged, leading to the context-free grammar x4 —> x1x7Xg. This context-free grammar is also valid when i is a
negative descent of 75, i.e., Xg —> X1X7X3.

e If i is a positive sign change of 7S, then there is one more positive number and one more positive ascent in 77 than in
7S, and the cardinalities of the other statistics remain unchanged, leading to the context-free grammar x; —> X1X3X7.

e If i is a negative sign change of 7, then there is one more positive number and one more positive descent in 7S
than in 7S, and the cardinalities of the other statistics remain unchanged, leading to the context-free grammar xg —>
X1X5Xg.

Next suppose that the new number is n~ (a negative number). Accordingly, we have the following possibilities:

o If i is a positive ascent of S, then there is one more negative number, one less positive ascent, one more positive
sign change, and one more negative sign change in 7S than in 7S, and the cardinalities of the other statistics remain
unchanged, leading to the context-free grammar x3 —> xx7xg. This context-free grammar is also valid when i is a
positive descent of 75, ie., X5 —> X2X7Xg.

e If i is a negative ascent of 775, then there is one more negative number and one more negative descent in 7 than in
7S, and the cardinalities of the other statistics remain unchanged, leading to the context-free grammar x4 —> X2X4Xg.
This context-free grammar is also valid when i is a negative descent of 75, ie, X6 —> X2X4Xg.

e If i is a positive sign change of 7w, then there is one more negative number and one more negative ascent in 7
than in 7S, and the cardinalities of the other statistics remain unchanged, leading to the context-free grammar x7 —>
X2X4X7.

o If i is a negative sign change of 7S, then there is one more negative number and one more negative descent in
7#S than in 75, and the cardinalities of the other statistics remain unchanged, leading to the context-free grammar
Xg —> X2XpXg.

Combining the above two cases (adding n or n™), we can make the conclusion:

e If i is a positive ascent of 7S, then x3 —> X1X3X5 + X2X7xs, Where the first term on the right-hand side corresponds to
the case when the new number is n, while the second term corresponds to the case when the new number is n—, the
same holds for the other situations listed below.

If i is a negative ascent of 75, then X4 —> X1X7Xg + X2X4XG.

If i is a positive descent of 7S, then X5 —> X1X3X5 + X2X7Xg.

If i is a negative descent of 75, then xg —> X1X7Xs + X2X4Xg.

If i is a positive sign change of 7S, then x7 —> (X1X3 + X2X4)X7.

If i is a negative sign change of 75, then xg —> (X1Xs + XXG)Xs.

Theorem 2.1. The coefficients of Fy, satisfy the recurrence relation

falk, ... kg) = k3 fa_1(k1—1,ka, k3, ks, ks—1, ke, k7, kg)
+ (k34+1) fa—1(k1, ka—1,k3+1,ka, ks, ke, k7—1,kg—1)
+ (kg+1) fa—1(k1—1, k2, k3, ka+1, ks, ke, k7—1,kg—1)
+ kg fa1(k1, ko —1, k3, ka, ks, ke —1, k7, kg)
+ks fa1(ki—1. ko, ks—1.ka. ks. ks, k7. ks)
+ (ks+1) fa—1(k1, k2 —1, k3, ka, ks+1, ke, k7 —1,kg—1)
+ (ke+1) fu1(k1—1, k2, k3, ka, ks, ke+1,k7—1,kg—1)
+ke fa1(k1.ka—1. k3. ka—1,ks. ke, k7. ks)
+ k7 fa—1(k1—1, ko, ks —1,ka, ks, ke, k7, kg)
+kg faa(kn, ka—1,ks, ka—1, ks, ke, k7, ks)
+ kg fa—1(k1—1, k2, k3, ka, ks —1, ke, k7, kg)
+ks fr1(k1.ka—1. k3. ke, ks, kg—1. k7. ks).

Proof. From the context-free grammar

X3 —> X1X3X5 + X2X7Xg, X4 —> X1X7X8 + X2X4Xp, X5 —> X1X3X5 + X2X7Xg,
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Xg —> X1X7X8 + X2X4Xg, X7 —> (X1X3 + X2X4)X7, Xg —> (X1X5 + X2X6)Xg,

we have
Fn(x1,...,Xx8)
n+1
k1 k2 k3 ka ks ke k7 ks
= Y falki... ke) XXX XX XERS X
k1,4..,k3=0

D(Fp-1(X1,...,X8))

n
t1 2 Jt3 Jta Jts Jte t7 Lts
=D Z fao1(t1, .o 18) X' X5 X3 X, X2 X X X
t1,...,ts=0
n
t1+1 ta t3 Jta Jts+1 te t7 ts
= Z ]‘,1,1(t1,...,tg)[t3x1 Xy XX XS Xg XS Xg
t1,....,tg=0

+t3 xﬁl x?“xgrlxi{‘xtssxgﬁx?Hx?“
+tg thl -HX?X? x24—1xt55xgsxf77+1xt83+1
+tg xﬁl xgz +1 x? xff ng’ xtGGJr ! xt77 xgs
+ ts x? +1 szz x? +1 xﬁf x? xgs xt77 x?
+ts x? X;ZJr]X? xﬁl“xgs*lxgext;ﬂxgﬁl
+te x? +1Xt22 x? xffxgs xgﬁ_]xtfﬂxg‘“
+tg xﬁl xgz +1 x? xﬁf“ xt55 xff xt77 xgs

t1+1 _tr t3+1_ta ts te t7 . t8
+t7x1 XZ X3 X4 XS X6 X7 X8

t1 2 +1 t3 ta+1 ts te t7 ts
+t7 X4 X2 X3 X4 X5 X6 X7 XS

t1+1 tr t3 ta ts+1 _te t7 ts
+tg Xq X2 X3 X4 XS X6 X7 XS

t1 t2+1 t3 tg ts te+1_t7. ts
+t8X1 XZ X3 X4 XS XG X7 XS]'

After extracting the coefficients of x’{lxgzx?xﬁ“xgsxgﬁx'?xgs for both sides, the desired recurrence relation follows. O

For other multivariate polynomials G,, Hy, Ly, each one is just a special case of F, (with some specific variables), thus
the corresponding grammars and recurrence relations can be obtained in a similar way, we omit the detailed proofs in
subsequent subsections to avoid the unnecessary repetition.

2.2. Context-free grammar and recurrence relation for G,

Denote by gn(k1, ka2, k3, ka, ks) the coefficient of x’{lxgzx?xﬁ“x’gs in Gn(x1, X2, X3, X4, X5). Let A= {x3,X4,x5}, and G be the

contex-free grammar over A consisting of
X3 —> (X1 +X2)(X3xa +x2), X4 —> (X1 +X2)(3xa +X2), X5 —> (X1 +X2) (X3 + X4)X5.
Theorem 2.2. The coefficients of G,, satisfy the recurrence relation

gn(ky, k2, k3, ka, ks) = k3 gn_1(k1—1,kz, k3, ka—1,ks) + k3 gn_1(k1,ka—1, k3, ka—1,ks)
+ (’<3+1)[gn—1(’<1 —1,kz,k3+1,ka, ks —2) + gu_1(k1, ka—1,k3+1, kg, /<5—2)]

+ka [gnq(’ﬁ —1,ka, k3 —1,ka, ks) + gn_1(k1. ka—1,k3— 1, kq, kS)]

+ (k4+1)|:gn71(k1 —1,kz, k3, ka+1,ks—2) +gnfl(khkz—lyk37k4+1,k5—2)]
+ks [gnq(’ﬁ —1,k, k3—1,ka, ks) + gn—1(k1—1, k2, k3, kg—1,ks)

+ gn1(ka, ka—1,ks—1, ke, ks) + gn_1(k1, ko —1, k3,k4—1,k5)].

6
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2.3. Context-free grammar and recurrence relation for Hy
Denote by hy(k1, k2, k3, ka) the coefficient of x’{lx’ézx?xﬁ“ in Hy(x1, X2, X3, X4). Let A = {x3, x4}, and G be the contex-free
grammar over A consisting of

X3 —> (X1 +X2) (X5 +X3), X4 —> (X1 + X2)X3X4.

Theorem 2.3. The coefficients of Hy satisfy the recurrence relation

ha(k1, k2, k3, ka) = (ks—1) hn_1(k1—1,kz, k3 —1,ka) + (k3—1) hn_1(k1, k2 —1,k3—1,k4)
+ (k3+1) hy_1(k1 —1, ko, ks +1,ka—2) + (ks+1) hn_q(k1, ko —1,k3+1, kg —2)
+ k4 hn,1(k1 —1,ky, k3 —1, k4) + kg hnfl(kb ko—1,k3—1, k4).

2.4. Context-free grammar and recurrence relation for Ly

Denote by £;(ki, ko) the coefficient of x¥1y*2 in L,(x, y). Let A= {x,y}, and G be the contex-free grammar over A
consisting of

Xx—> 2xy, ¥y — x>+ y%.

Theorem 2.4. The coefficients of L, satisfy the recurrence relation
Ln(k, ko) = (k1 + ko — D)y_1(k1, ko — 1) + (k2 + 1)ln_1(kq — 2, k2 + 1).

From the expression of L,(x, y), that is

Lo(x y) — Z Xsc(ns)yn+1—sc(n3)
7SeSPy
we can rewrite it as
n+1
La(x, y) =Y _c(n, kx*y™17k,
k=0
where c(n, k) denotes the number of signed permutations of [n] with exactly k sign changes, with the boundary elements

n(‘,g and 71;31 ranging over all four possible sign patterns. Accordingly, we can obtain the recurrence relation of c(n, k) by
rephrasing Theorem 2.4. It is also of interest to give a combinatorial proof for the recurrence relation of c(n, k).

Theorem 2.5. The numbers c(n, k) satisfy the recurrence relation

cnky=m+kycn—1,k)+ m+2—-k)ycn—1,k —2), n>=2,

together with the initial conditions

c(1,00=2, c(1,1)=4, c1,2)=2, c(1,k) =0 forallotherk.

Proof. The initial conditions for c(n, k) follow easily from
SPy;={0*t10%, 07107, 0"10", 07107, 0*170", 0*1707,07170%, 071707 }.

Next, we derive the recurrence relation for c(n, k).

Assume that 78 =7 ... is a signed permutation of [n] with sc(rS) = k. Either n or n~ is in 7S, assume that

ni‘il =n or 7{5_1 =n", where i € {0} U [n — 1]. After deleting n or n~ in 7, the resulting signed permutation of [n — 1] is
denoted by #° =7y -+ 7, |. We claim that either sc(7°) =k or sc(7S) =k — 2.

First suppose that ni‘fﬂ =n. There are exactly three possibilities to calculate the differences between sc(7°) and sc(x):

o When 7% and 75, are both positive (equivalently, 7% and 75, are both positive, thus i is either a positive ascent or
a positive descent), we have sc(7S) = sc(S).
e When nis and n,.‘frz are both negative (equivalently, ﬁls and ﬁfq are both negative, thus i is either a negative ascent

or a negative descent), sc(7S) = sc(wS) — 2.
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e When n and 771 ~, have different signs (equnvalently, S and 78

change or a negative sign change), sc(75) = sc(r®).

i11 have different signs, thus i is either a positive sign

Next suppose that 5 ~. Similarly, we have

i+1 =n

e When JT and j'r,+2 are both positive (equwalently, S and 78 i1, are both positive, thus i is either a positive ascent or
a posmve descent) sc(7#S) =sc(mwS) —

e When 71 and 75 i1, are both negative (equ1valently, ; S and ﬁi‘il are both negative, thus i is either a negative ascent

ora negatlve descent) sc(S) = sc(rS).
e When 7r and 71 , have different signs (equwalently, S and 7T ; have different signs, thus i is either a positive sign

change or a negatlve sign change), sc(rrs )= sc(n ).

Combining all the possibilities mentioned above, we conclude with the claim that either sc(7°) =k or sc(7S) =k — 2
based on sc(mrS) =k.
Furthermore, if sc(77S) =k, then there are c(n — 1, k) ways to obtain 77, and according to the analysis in last paragraph,
the number of positions we can place n or n~ to recover 75 with sc(wr®) =k is equal to
asct(7°) + desT (7)) + asc™ (7°) + des™ (7°) + 2(scT (7°) + sc™ (7°))
=n+sct@°) +sc(7°)
=n+ sc(fT‘S)
=n+k.
In an analogous fashion, we can deduce that when sc(7S) =k — 2, there are c(n — 1, k —2) ways to obtain 75, and there
are
asc™(7°) + des™ (7°) +asct (7°) + desT (7)) =n—sc(7®) =n+2—k

positions of 7S we can insert n or n~ to recover 7S with sc(wS) =k.
In conclusion, there are

m+kcn—1,k+mn+2—-kycn—1,k—2)

ways to construct a signed permutation of [n] with exactly k sign changes. O

Solving the recurrence for c(n, k), we obtain the closed-form expression

1
c(n, k) = 2n!(n + >
k

Furthermore, we observe that the parity of k is determined by whether the two boundary elements of a signed permutation
have the same sign or opposite signs. More precisely, a signed permutation of [n] with an even number of sign changes must
have same-signed boundary elements, whereas a signed permutation of [n] with an odd number of sign changes must have
opposite-signed boundary elements. Therefore, we can refine the enumeration of c(n, k) in terms of boundary-same-signed
and boundary-opposite-signed signed permutations.

Theorem 2.6. The quantity c(n, k) = 211'(”“) enumerates boundary-same-signed (boundary-opposite-signed, respectively) signed
permutations of [n] with k sign changes when k is even (odd, respectively).

Since different parities of k correspond to different combinatorial models, we partition the binomial coefficients n‘(”]q)
with k=0,1,...,n+ 1, into two cases according to the parity of k. Specifically, we define
n+1 n
a(n,k) :=n! , forn>0andk=0,1, L—J
2k+1 2

and

1 1
b(n,k) :=n! n , forn>0andk=0,1, n+ .
2k 2

Accordingly, we partition SPy, into four classes according to the signs of the boundary elements ”o and rrn e

SPyt. sphT spr . s
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For instance, 873,(1+’+) denotes the set of all signed permutations of [n] whose two boundary elements are both 07, similarly,
the other three classes correspond to the remaining three possible boundary sign patterns. Then for any nonnegative integer
n,

Pn(x, y) = Z xsc(n‘s)yn+1—sc(7rs) — Z xsc(ﬂs)yn+1 —sc(n‘s)
aSespitT) nSespi ™
n/2] n/2]
' Z <2k N 1) 2k+1 yﬂ—zk — Z a(n’ k) x2k+1yn—2k
k=0
and
Qn()@ y) — Z XSC(H’S)yﬂJrlfSC(T[S) — Z Xsc(ns)ynjtlfsc(ns)
xSesp{t 7SespiT)
L(n+1)/2] n+1 L(n+1)/2]
=n! 2k n+1 2k _ b(n, k X2k n+1— 2k
(Zk) 2: (n, k)

k=0
For a better illustration, we list P,(x, y) and Qn(x, y) with 0 < n <6 as examples,

n| Pu(x,y) Qn(x, y)

0|x y

1| 2xy X2 +y?

2 | 2x3 + 6xy? 6x2y +2y3

3| 24x3y + 24xy3 6x* +36x%y% + 6y*

4| 24x5 +240x3 y2 + 120xy* 120x*y + 2402 y3 + 24y°

5| 720x°y + 2400x3y3 + 720xy° 120x° + 1800x*y2 + 1800x2 y* + 120y°

6 | 720x7 4+ 15120x° y? + 25200x3 y* + 5040xy° | 5040x°y + 25200x*y> + 151202 y> + 720y

Besides the bivariate polynomials P,(x, y) and Q(x, y), we also introduce the univariate generating functions of a(n, k)
and b(n, k) in the variable x, defined by

[n/2] n/2]
Pp(x) := Z a(n, k)x =n! Z <2k+1) ,

k=0
and
L(n+1)/2] L(n+1)/2] n+1
. k k
Qux):= Y bmkx=n )" ( . )
k=0 k=0
for any nonnegative integer n. A direct observation then leads to
Pa(x,1) =x Pp(x%), (1)
and
Qn(x, 1) = Qu(x?). (2)
We list P,(x) and Q(x) with 0 <n <6 as examples,
n| Pa(x) Qn(x)
01 1
12 1+x
2| 64+2x 2+ 6x
3| 24 + 24x 6 + 36x + 6x2
4 | 120 + 240x + 24x2 24 + 240x + 120x2
5 | 720 + 2400x + 720x> 120 + 1800x + 1800x2% + 120x3
6 | 5040 + 25200x + 15120x2 + 720x3 | 720 + 15120x + 25200x2 + 5040x3

It is straightforward to verify that the numbers a(n, k) and b(n, k) satisfy the two-term recurrence relations

an,k)=m+2k+1an—1,k)+ n—2k+1an—-1,k—1), 3)
b(n, k)= (n+2kyb(n —1,k) + (n—2k+2)b(n — 1,k — 1), (4)
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with initial conditions

a(0,k) =b(0,k) =1fork=0, a(0,k)=b(0,k)=0 for all other k,

which provides an equivalent formulation of Theorem 2.5.
We can also give the three-term recurrence relations of a(n, k) and b(n, k) as

ain,k)=2n-an—1,k) —nn—1)@n —-2,k) —an—2,k—1)) (5)

and

b(n,k)=2n-b(n—1,k) —n(n—1)(b(n —2,k) —b(n— 2,k —1)). (6)

A recurrence relation involving in both of a(n, k) and b(n, k) can be seen as

a(n,k) =bn, k) +nan—1,k) —an—1,k —1)). (7)

From the recurrence relations of a(n, k) and b(n, k) as presented in (3) and (4), it is not hard to obtain the recurrence
relations of P,(x) and Qj(x), respectively.

Theorem 2.7. The univariate polynomials P, (x) and Qn(X) satisfy the recurrence relations

Phr1(X)=mx+n+2)Pp(x) —2x(x — 1) P;](x),

with initial condition Py(x) = 1, and

Q) =n+DEx+1) Qu(x) —2x(x — 1) Q; (%),

with initial condition Qo (x) = 1.
We get the recurrence relations of Pp(x, y) and Qn(x, y) by virtue of (5) and (6).
Theorem 2.8. The bivariate polynomials P, (x, y) and Qn(x, y) satisfy the recurrence relations

Pp(x, y) =2ny Pp_1(x, y) +n(n — 1) (x> — y?) Pn_2(x, y),

with initial conditions Po(x, y) = x and P1(x, y) = 2xy, and

Qn(x. y) =21y Qu_1(x, y) +n(n — 1)(* — ¥*) Qu_2(x. ).
with initial conditions Qo (x, y) = y and Q1 (x, y) = x2 + y2.

The derivation of another recurrence relation involving both P,(x, y) and Qn(x, y) makes use of (7).
Theorem 2.9. The bivariate polynomials P, (x, y) and Qn(x, y) satisfy the recurrence relation
Y- Pa(%, ) =x- Qu(x, y) =n(* = y*)Pp_1(x, ¥).
2.5. Context-free grammar for a(n, k) and b(n, k)
As what we stated above about L, (x, y), it is known that a(n, k) and b(n, k) can be generated by the same grammar
G={x—2xy,y —> x>+ y%).
Theorem 2.10. Let G = {x — 2xy, y — x% + y2}. Then
D"(x) = Pn(x,¥), D"(y) = Qn(x,¥).

It is worth indicating that G = {x — 2xy, y — x* + y2} is not the unique grammar which is capable of generating a(n, k)
and b(n, k). In the sequel, we provide an alternative grammar that simultaneously generates a(n, k) and b(n, k).

10
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Theorem 2.11. Let G = {u — v3, v — uv?}. Then

n/2] n/2] n+1
D" v2 — a n,k un—Zkvn+2+2k =n! un—Zkvn+2+2k
=Y > (57
k=0 k=0
and
L(n+1)/2] L(n+1)/2] n+1
D™ (uv) = b n,k un+172kvn+1+2k =n! un+172kvn+1+2k.
(uv) g (n, k) ,Z;’ ok

In particular,
D"(v?) =v™ ! Py(v,u),  DM(uv) =v"™ Qu(v,u).

Proof. For G = {x — 2xy, y — x% + y2}, from Theorem 2.10, we have

ln/2] ln/2] 2\ 2K
D"x) =Y a(m kx** 1y ="3"a(n,k xy”<f> .
k=0 k=0 Y
Set x=v? and y =uv. We get
[n/2] v2 2k In/2]
D"(v*) =Y a(n, kyv*uv)" (E) = > a(n, ku" Ky
k=0 k=0

Finally, it is straightforward to see that the new grammar {u — v3, v — uv?} can be derived from the previous grammar

{x - 2xy,y — x*> + y*} used in Theorem 2.10, via the substitutions x = v and y = uv.
By equating the two expressions for D(x) obtained from different perspectives,

D(x)=D(v?)=2vD(v), D(x)=2xy=2uv>,

we solve for D(v) and obtain D(v) = uv2.

Similarly, to determine D(u), we consider the two expressions
D(y)=D@uv)=uD(v)+vDu)=u’v?+vD(u)
and
D(y) =x>+ y2 = v+ u?v?,

Solving this equation for D(u) yields D(u) = v3.
Similarly, we can get the expression of D" (uv). O

Although there are several grammars can generate a(n, k) and b(n, k), we will adopt the grammar G = {x — 2xy,y —
x? 4+ y?} in the deduction of subsequent results. The interested readers can explore other related grammars later.
Another powerful application of the context-free grammar is to derive a lot of convolution formulas.

Theorem 2.12. For any nonnegative integer n, we have

Pri1(x,y) =23 (Z) Pe(x. ¥) Qu_k(x. )
k=0

and
- n
(PITCRIEDY <k> (P, Y) Ppk(X, ¥) + Q(X, ) Qn_i(X, ¥)).

k=0

Proof. Let G = {x — 2xy, y — x* + y2}. By Leibniz's formula,
" /n
D™ (x)=2D"(xy) =2 ( )Dk(xw”—k(y),
k=0 k

11
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equivalently,

Pp1(x y) =23 (Z) Pe(x, ) Qu_k(x. ).
k=0

Similarly, from
D™ (y) = D"(x* +y%)
=D"() +D"(y?)

_ . n k n—k - n k n—k
—g(k)n *x)D (XH,;?(")D D" *(y)

=y (Z) (D*(x)D" () + D*(y) D" (y)),
k=0

we can get

n

Qi y) =) (Z) (P, )Pk (X, ¥) + Qi (X, ¥) Qn-k (X, ¥)).

k=0
The proof is completed. O

The above theorem can be rephrased as the following form, by extracting the coefficients of x2f+1yn+1-2t (y2yn+2-2t
respectively) on both sides of the equation about Pj41(x, y) (Qn+1(X, ¥), respectively) in Theorem 2.12.

Theorem 2.13. For any nonnegative integer n, we have

n+2 ! k+1\/n—k+1
1 —2
o+ )<2t+1> g 12]: <2i+1>< 2j )

i+j=t
and
n+3 " k+1\/m—-k+1 k+1\/n—-k+1
: -3 > (X DLy |
2t +1 — 2i+1 2j+1 — 2i 2j
k=0 i,j 1,]
i+j=t—1 i+j=t

Similar to the proof of Theorem 2.12, we are able to derive a mutual recurrence relations between P, (x, y) and Qn(x, ).

Theorem 2.14. For any nonnegative integer n, we have

n k(4,2 2\ n—k
Yy —x%)

Y Pax, y) =xnty = Qi ),

k=0

and
n k(v,2 2\ n—k
n+1 N D R N Yy —x7)

Yy Qn(x, y) =nly (y* —x%) +xn!l;—k!

Pr(x, y).

Proof. Let G = {x — 2xy, y — x* + y%}. We have known in Theorem 2.10 that D"(x) = P,(x, y) and D"(y) = Qn(x, ¥). In
addition, it is not hard to get that

o X nix(y? — x?)"
D'\ ) =— i —
y y

for any nonnegative integer n, and

2
D <y7> =2xy =D(x),

12
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thus

n( Y2 _
D <X>—Pn(X’J’)

for any positive integer n.
Now let us utilize Leibniz’s formula. On one hand, we can derive that

X

D”(x):D”(y—)

y

_n m\ Jk n—k [ X

—Z(k)w )
—Z

k y

n—k+1

equivalently,

2\ n—k
Yy P(x, y)—xn'ziy i) Qk(x, ).
k=

On the other hand,

=0 (%)
—Z()D"( ) ()
So(5) -2 () () )

n'(y —x2) " (n —k)lx(y% — x2)n—k
ey (1) ()

equivalently,

nokey2 2\ n—k
—X
Y™ Qe y) =ty — o) Y Y . )
<!

k=1

Pr(x,y).

The desired mutual recurrence relations between P, (x, y) and Qn(x, y) follow. O

For any letter z in the alphabet A, we can define the exponential generating function, denoted by Gen (z, t), of the formal
derivative D(z) as:

tn
_ n
Gen(z,t) = E D (Z)—n!,
n=0

see [4]. The following relations are straightforward:

Gen’(z,t) = Gen (D(2), t),

Gen(u+v,t)=Gen(u,t) + Gen (v, t),

Gen (uv,t) = Gen (u, t)Gen (v, t),
where Gen’(z, t) represents the derivative of Gen (z,t) with respect to t.
Theorem 2.15. Let G = {x — 2xy, y — x> + y2}. Then

X
1 -2yt — (x2 — y2)t2

Gen (x,t) =

13
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and

¥+ (x2 — yA)t
“yt— (2 —yhe2

Gen(y,t) = 1

Proof. First we consider Gen (x, t). It is easy to check that

D(x'yy=x—x""y?, D*(x"'y)=0.

So

Gen(x 'y,t)=x"y +(x—x""ydt. (8)
Furthermore,

1 1 1.2 1 x—x'y? ,

/Gen(x_ y,t)dt:/(x_ V+E—x"yH)t)dt=x" "yt + ff +C 9)

for some constant C.
On the other hand, notice that
Gen(y,t)=Gen(x"'y,t)Gen (x, t). (10)

Then

Gen’(x, t) = Gen (2xy, t) = 2Gen (x, t)Gen (y, t) = 2Gen?(x, t)Gen (x "'y, t),

which implies that

Gen'(x, t
Gen(x 'y, t) = %
2Gen“(x,t)
Integrate both sides of the above equation, together with (9), we get
1 ; x—x71y?
—— =X yt4+ —7—-—71 C.
2Gen (x, ) et *

Rewrite it as
-1

x—x"1y?
2Gen (x, t) <x*1yt+ Tytz +c> =_1.

Compare both sides when t =0, i.e., 2xC = —1, we know C = —%. That is to say,
X
1—2yt — (x2 — y2)t?’

As a consequence, Gen (y, t) follows from (10) and (8) immediately:

Gen (x,t) =

X . y+ & —yHe
2yt — (X2 —yHt2 1 -2yt — (x2 — y2)t2’

Gen (y,0) ="y + x=x"TyHD)
The proof is completed. O

Recall that

D"(x) = Pp(x,y), D"(¥) = Qn(x,¥),

then the exponential generating functions of P,(x, y) and Q,(x, y) follow from Theorem 2.15 directly.

Theorem 2.16. We have

E Pn(x y)*tn = *

LA _ — (%2 _ v2)\f2
o n! 1-=2yt—(x*—ys)t
and

t" y+ x* —y)t
E Qn(x, ¥)— = .
| _ — (%2 — v2)¢2
o n 1-=2yt— (x* —y?)t

14
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The equivalent forms are as below.

Theorem 2.17. We have

[n/2]
} : § : n+1 X2k+1yn—2ktn — X
2k +1 1-2yt — (x2 — y2)t2

n>0 k=0
and
L(n+1)/2]
Z Z <n+1>X2kyn+1—2ktn_ y+ @ —yie
—71_ —(x2 — v2)f2°
S0 = 2k 1 -2yt — (x4 — y2)t

3. (Homogeneous) y -positivity and bi-y -positivity of P, (x) and P, (x, y)

The y-positivity is an important property for the polynomials occurring in combinatorics, which provides a natural
approach to study the symmetric and unimodal polynomials. Let us recall the definition of the y -positivity.

Definition 3.1. Let f(x) =) 1, fixt be a univariate symmetric polynomial, i.e., fi = fo_; for any 0 <i <n. If f(x) can be
expanded as

L5
=Y nxa+x"%

k=0

with y, > 0 for 0 <k < |5, then we say that f(x) is a y-positive polynomial.

In past few years, the y-positivity of some famous combinatorial polynomials has been revealed in a lot of publications,
e.g., Eulerian polynomials [14], Eulerian polynomials of type B [6,26], derangement polynomials [1], Narayana polynomials
of types A and B [23], as well as [17,18].

It is obvious that P,(x) and Qj(x) are both symmetric polynomials. In this section, we will show that P,(x) and Q,(x)
are y-positive when n is odd, and sum of two y-positive polynomials when n is even. Before doing that, we need an
auxiliary result.

For the grammar

G={x—2xy,y — x>+ y%),

by setting v = x% + y2, it is easy to see that D(v) =4x?y + 2yv. Based on it, we get a change of grammar:

H={x—2xy,y — v,v—>4x2y+2yv}.

Lemma 3.1.Based on the grammar: H = {x — 2xy,y — v,v — 4x%y + 2yv}, for any r > 0, there exist some integers
a(r, k), b(r, k), ¢(r, k) such that

lr/2]
D2T+] (X) — Z a(r’ k) (Xy)2k+1 vT*Zk (l 1 )
k=0
and
Lr—1/2)) lr/2]
DZT(X) — Z b(r7 k)XZkJrl y2k+2VT72k7] + Z é(r’ k)x2k+] y2kvr—2k_ (12)
k=0 k=0

In particular, the integers a(r, k), ﬁ(r, k), ¢(r, k) satisfy the mutual recurrence relations:

ar, k) =2+ k+ Db, k) + 4 — 2k + Db(r, k — 1) + 2(r + 1DE(, k),
b(r, k) = 2ra(r —1,k),
c(r,ky=Qk+1Da@ —1,k) +4@0+1-2k)ar—1,k—1).

15
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Proof. We will prove (11) and (12), as well as the recurrence relations for a(r, k), B(r, k), ¢(r, k), by the induction on r. It is
not hard to obtain

n | D"(x)
1| 2xy

2 | 4xy? + 2xv
3

4

24xyv
96xy2v + 24xv?% + 96x° y2
5 | 720xyv? + 960x3y3

from which, we get

Index | Values

(0,0) | a(0,0) =2

(1,0) | a(1,0) =24, B(‘I,O)=4, c(1,00=2
(2,0) | a(2,0) =720, 13(2,0) =96, ¢(2,0) =24
2,1) | a,1) =960, ¢(2,1) =96

Based on these numerical evidences, we can see that the expressions of D" t1(x) and D% (x) (i.e., (11) and (12)), and the

recurrence relations of a(r, k), B(r, k), ¢(r, k) hold for r =0,1,2. Assume that they are true for r — 1 > 2, we will further
confirm their validity for r.

Since the result is true for r — 1, we can get the corresponding a(r — 1, k) with k=0, ..., L%J and a(r — 1,k — 1) with
k=1,..., L%J. Now set B(r, k) and ¢(r, k) as
b(r, k) :=2ra(r—1,k) (13)

for k=0,...,[5!], and

c(r,k) :=Q2k+1Dar —1,k)+4r+1-2k)ar—1,k—1) (14)

fork=0,..., L%J. We would like to prove that such ﬁ(r, k) and &(r, k) satisfy the expression of D% (x) as shown in (12).
Observe that

D (x) = D(D*1(x))
L(r—1)/2]
— D Z a(r _ 1’ k) (Xy)2’<+] vT*lek
k=0
L(r=1)/2]
= D ar—1kD(xy)*H v
k=0
L(r—1)/2]
— Z a(r _ 1, k) (2(2k + 1)x2k+1 y2k+2vr—1—2k + (zk + 1)X2k+1 yzkvl’—zk
k=0

FA(r — 1 — U322y r=2-2k Lo g _ zk)X2k+1y2k+2vr7172k)

Lr=1)/2]
_ Z ar—1,k) <2rX2k+]y2k+2vr71—2k 2k 4 )2kt y2kyr=2k
k=0
+40r—1- 2k)X2k+3y2k+2Vr—2—2k) ) (15)

On one hand, we extract the coefficient of x2k+1y2k+2yr=2k=1 from the right-hand side of (15), which is 2ra(r — 1, k), equal
to b(r, k) from (13). On the other hand, the coefficient of x2¥*1y2ky"=2k on the right-hand side of (15) is

Qk+Da@r—1,k)+4r+1-2kar—1,k—1),

which is equal to ¢(r, k) from (14). It leads to

Lr=b/21 lr/2]
D¥(x) = Z b(r, kyx2k+1y2k+2,r=2k=1 Z &(r, kyx2k+T y2kyr—2k
k=0 k=0

16
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completing the proof of (12) for r.

UntilA now, the formula about Dzrgx) is settled, let us go ahead to confirm D% *1(x) as expressed in (11). Based on the
known b(r, k) with k=0, ..., ['5 ], b(r,k— 1) with k=1,..., [ |, and &(r, k) with k=0,..., 5], set

a(r, k) :=2(r +k + Db, k) + 4@ — 2k + 1)b(r, k — 1) + 2(r + DE(r, k) (16)

fork=0,...,5].
It is not hard to get that

D2T+] (X) — D(DZT(X))

Lr—1)/2] lr/2]
-D Z B(T, k)XZkJrl y2k+2vr72k71 + Z e(n k)x2k+1 yzkvrfzk
k=0 k=0
L(r—1)/2] lr/2]
— Z B(T, k)D(XZk-H y2k+2vr—2k—1) + Z E‘(T, k)D(x2k+1 kavr—Zk)
k=0 k=0
Lr—1)/2]

— B(r’ k) (2(2k + 1)x2k+] y2k+3vr72k—1 + (Zk + 2)X2k+1 y2k+l vT*Zk
k=0

+4(r _ 2k _ -l)le(+3y2k+3vr—2k—2 + 2(,,. _ 1 _ 2,<)x2k+1y2k+3 VT—Zk—1)

[r/2]
+ Z e, k) (2(2k + 1)X2k+1y2k+1vr72k + 2kx2k+1y2k71vr72k+1
k=0

T 4(r — 2l)xA3 YAl yr=2k=1 o o2kt 2k vr—zk)

L(r—1)/2]
— Z b(r. k) <2rle<+1y2k+3vr—2k—1 T (2K 4 2)x2k+1y2kH 1 r=2k
k=0
[r/2]
+4(r — 2k — 1)X2k+3y2k+3vr—2k—2) + Z & k) (2(r + 1)X2k+1y2k+lvr—2k
k=0

+ 2kx2k+1y2k71 yro2ktt 4(r — 2k)x2k+3y2k+1vr72k—1) . (17)
From (17), we obtain that:
o the coefficient of xZk+1y2k+1yr—2k jg

2k +2)b(r, k) + 4@ — 2k + Db(r, k — 1) +2(r + DE(r, k);

o the coefficient of xZk+1y2k+3yr=2k=1 5 2rh(r, k);
o the coefficient of x2k+3 y2k+1yr—2k=1 jq

2(k + 1)C(r, k + 1) +4(r — 2k)c(r, k).
It is worth indicating that if

2rb(r, k) = 2(k + DE(r, k + 1) + 4@r — 2k)E(r, k),

i.e., the coefficients of x2k+1y2Zk+3yr=2k=1 g x2k+32k+1yr=2k=1 3re equal, then

2rb(r, k)x2K 1 y2Kt3yr=2k=1 L 0k + 1)E(r, k + 1) + 4(r — 2K)E(r, k))x2kt3 y2kt1yr—2k-1
— ZTB(I‘, k)(XZkJrl y2k+3vr72k71 + X2k+3y2k+l vr72k71)
— 2'.5(1‘.7 I()X2k+1y2k+l (XZ + yZ)VT—Zk—l

— zrb(r, ]<)X2k+]y2k+l vr—Zk’

which gives one more coefficient, that is 2rb(r, k), of x2+1yZk+1yr=2k In all, the coefficient of xZk+1y2k+1yr—2k jg

17
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2k +2)b(r, k) + 4(r — 2k + Db(r, k — 1) + 2(r + Dé(r, k) + 2rb(r, k)
=2(r+k+ Db, k) + 4 — 2k + Db(r, k — 1) + 2(r + DE(T, k)
=a(,k),

where (16) is used in the last equation. So the expression (11) for D% +1(x) follows.
We are left to show that

2rb(r, k) = 2(k + D@, k+ 1) + 4(r — 2k)é(r, k) (18)
is true. Actually, it is equivalent to a (horizontal) recurrence relation of a(r, k):
(k+1)2k+3)ar —1,k+1) =2((r — 1 — 4k)(r — 2) + 8k?)a(r — 1,k)
—8(r—2k)(r+1—-2k)ar—1,k—1), (19)
by substituting the following relations (recall them from (13) and (14)) into (18):
b(r, k) =2ra(r —1,k),
C(r,k)=@2k+Da@r —1,k) +40+1-2kar—1,k—1),
crk+1)=Qk+3)ar—1,k+1)+4@ —1-2ka@ —1,k).
We will prove (19) by the induction on r. When r =1, 2, it can be verified trivially, from
a(0,0) =2 and a(1,0) =24.
Now assume that (19) holds for r — 1 > 1, thus we have
k+1)QRk+3)ar —2,k+1)=2(1r — 2 — 4k)(r — 3) + 8k?)a(r — 2, k)
—8(r—1-=2k)(r —2k)ar—2,k—1) (20)
and
k(2k + 1)ar —2,k) =2(r+2 — 4k)(r — 3) + 8(k — D>)ar —2,k— 1)
—8(r+1-2k)(r —2k+2)a(r — 2,k —2). (21)
Notice that the setting of a(r, k) (see (16)):
A(r k) =2(r +k+ Db(r, k) + 4@ — 2k + Db(r. k — 1) + 2(r + 1)é(r, k)
is equivalent to a (vertical) recurrence relation of a(r, k) by involving with (13) and (14):
ar k) =2Qr(r+k+1)+ @+ 12k +1)ar —1,k)
+8(r—2k+1)2r+ Dar —1,k—1). (22)
Substitute r into r — 1, and k into k+ 1 or k — 1 in (22), we have
ar—1,k+1) =22 -1 +k+1)+r2k+3))ar—2,k+1)
+8(r—2k—2)2r—Da@r —2,k),
ar—1,k) =220 — 1)+ k) +r2k+ 1)ar —2,k)
+8(r—2k)2r—Dar—2,k—1),
ar—1,k—1) =22 -1 +k—1)+r2k—1)ar—2,k—1)
+8(r—2k+2)2r—Da@r —2,k—2).
Furthermore, substitute them into (19), it leads to an equivalent form of (19):
(k+1)2k+3)Aar —2,k+1)
=Ba(r—2,k)+Ca(r—2,k—1)+Dar—2,k—2), (23)

where

18
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A=2Q2(r =) +k+1)+r2k+3)),

B=4((r—1—4k)(r —2)+8k*)(2(r = )(r +k) +r(2k + 1))
—8(k+1)(2k+3)(r—2k —2)@2r — 1),

C=16((r—1—4k)(r —2) + 8k*)(r — 2k)(2r — 1)
—16(r—-2k)r+1-— 2k)(2(r— Dr+k—1)4+rk — 1)),

D =—64(r —2k)(r+1—2k)(r — 2k +2)(2r — 1).

Substitute (20) into (23), then (23) would be reduced to

Ba(r—2,k)y=Ca(r—2,k—1)+ Da@ — 2,k —2),

where

B=2((r —2—4k)(r —3) + 8k*)A — B
=4((r—2—4k)(r —3) + 8k — (I +k+1) +1(2k +3))
—4((r—1—4k)(r —2) + 8k*)2(r — 1)(r + k) +r2k + 1))
+8k+ 12k +3)r—2k—2)2r —1)
=8(r — 2k)(2r — DHk(2k + 1)

and

C=8r—1-2k@F —2k)A+C
=16(r—1—2k)(r —2k)2(r — )(r +k+ 1) +r(2k + 3))
+16((r — 1 — 4k)(r — 2) + 8k?)(r — 2k)(2r — 1)
—16(r —2k)(r +1—=2k)2(r — )(r +k—1) +r(2k — 1))
=16(r — 2k)2r — 1)((r — 3)(r + 2 — 4k) + 8(k — 1)?).
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(24)

Observe that B, C, D share the common factor 8(r — 2k)(2r — 1), after eliminating it, (24) reduces to

k(2k 4+ 1)ar —2,k) = 2((r — 3)(r + 2 — 4k) + 8(k — 1)®)a(r — 2,k — 1)

—8(r+1—-2k)(r—2k+2)ar—2,k—2),

which has been claimed in (21).

At this stage, we complete the proof of (19), and so do the proof of (18). Therefore, the desired results follow finally. O

Remark 3.1. On one hand, all the coefficients of the recurrence relations of a(r, k), B(r, k), ¢(r,k) are nonnegative. On the
other hand, the initial conditions of a(r, k), b(r, k), c(r, k) (with small r and k) are also nonnegative. Thus we can confirm

the nonnegativity of a(r, k), bar, k), &(r, k).

In the following, we list some D"(x) with small n, 1<n <9,

D" (x)

2xy

4xy? + 2xv

24xyv

96xy%v + 24xv2 + 96x3 y2

720xyv? + 960x3 y3

4320xy%v? + 5760x> y* + 720xv3 + 8640x3 y2v
40320xyv3 +161280x3y3v

O oYU WN=S

3628800xyv* + 290304003 y3v2 4+ 11612160x° y°
from which, we get the corresponding a(r, k), B(r, k), c(r, k) as follows:

19
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Index | Values

(0,0) | a(0,0)=2

(1,0) | a(1,0) =24, b(1,0) =4, &(1,0) =2

(2,0) | a(2,0) = 720, b(2,0) =96, £(2,0) =24

(2,1) | a2,1) =960, ¢(2,1) =96

(3,0) | a(3,0) = 40320, 3(3,0) =4320, ¢(3,0) =720

(3,1) | a3,1) = 161280, b(3,1) = 5760, ¢(3,1) = 8640

(4,0) | a4, 0) = 3628800, h(4, 0) = 322560, ¢(4, 0) = 40320
(4,1) | a(4, 1) = 29030400, b(4, 1) = 1290240, ¢(4, 1) = 967680
(4,2) | a(4,2) =11612160, ¢(4, 2) = 645120

Write them as triangular arrays:

2
24
Qb 720 960
: 40320 161280
3628800 29030400 11612160
4
R 96
br.k): 4320 5760
322560 1290240
2
24 96
&k 720 8640

40320 967680 645120

Now we can confirm the y -positivity of Pp(x).
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Theorem 3.1. If n is odd, then P, (x) is y -positive. If n is even, then P,(x) can be represented as the sum of two y -positive polynomials.

Proof. We partition the proof into two parts, according to the parity of n.
Case 1. n is odd.

In this case, assume that n =2r + 1. On one hand, by Theorem 2.10, together with (1),

D¥ 1 (X)|y=1 = Par1(X, 1) =X Par1(x).
On the other hand, from Lemma 3.1,
lr/2]
D2T+] (X)|y:1 =X Z a(r’ k)XZk(-l + XZ)T*ZI{’
k=0
by noting that v = x% 4+ y = x% + 1. Therefore,
[r/2]
Porr1(®) = ) ar x*(1 +0" 2.
k=0

Recall that a(r, k) is nonnegative, thus the y-positivity of Pory1(x) follows.
Case 2. n is even.

This time we set n = 2r. As in Case 1, we have

D¥ (X)|y=1 = P2r(x, 1) = X P2r(x?).
Further, from Lemma 3.1,

Lr=1)/2] lr/2]

DZT(X)|y:] =X Z B(r7 k)xzk(l +X2)r—2k—1 _"_ X Z e(r7 k)XZk(l + XZ)T—Zk'

k=0 k=0

20
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Therefore,
Lr=1)/2) Lr/2]
Pyr)= Y b XA +x" T+ Y e XA +x)"
k=0 k=0

Observe that B(r, k) and ¢(r, k) are both nonnegative, it means that

Lr=D/2) 1r/2]
Yo b XA+ and Y e kXA +x"
k=0 k=0

are both y-positive. So Pyr(x) is the sum of two y-positive polynomials. O

Based on

[r/2]

Pars1(0) =) a(r. k)x‘(1+x)"%
k=0

and
Lr=1/2] lr/2]

Pu)= Y b XA +x"2 T+ Y e XA +x" K,

k=0 k=0

let us extract the coefficients of x‘, we can attain the following two identities.

Theorem 3.2. We have

[r/2]
2r+2 r—2k\ .
| =
Q2r+ 1)'<2t+ 1) ];_0 <t_k>a(r, k),

and

L(r—1)/2] [r/2]
2r+1 r—2k—1\- r—2k\ .
2r)! = b(r, k k).
@n) <2t+1> ;_0 ( t—k ) (rio + :Z<—o (t—k)c(r g

Worth mentioning, the second identity does not hold in the trivial case r =t = 0.
The concept of homogeneous y -positive polynomials was proposed in [23] as an extension of the y-positive polynomials.

Definition 3.2. Let f(x, y) be a bivariate polynomial. If f(x, y) can be expanded as

In/2]
oy =Y vty e+ )"

k=0
with y, >0 for all 0 <k < [n/2], then we say that f(x, y) is a homogeneous y -positive polynomial.

Clearly, when y = 1, Definition 3.2 is reduced to Definition 3.1.
From (11), we can see that
lr/2]

Por1(V/X, JY) o k r—2k
S S S AR awr, ky(xy)*(x + ,
NN kE:O (r lxy) (x+y)

that is to say,

P2r+1 («/)_(’ \/7) d k. r—k r X
—————— =) a@r+1,kxy "=y Pyi1|—
NN ,;, "y

is a homogeneous y -positive polynomial.
Recall the definition of bi-y-positive proposed in [24].

21
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Definition 3.3. Let f(x) be a polynomial of degree n with a unique symmetric decomposition

f®) =a®Xx) +x-bXx),

where a(x) and b(x) are symmetric polynomials such that a(x) = x"a(%) and b(x) =x”‘lb(%). If a(x) and b(x) are both
y -positive, then we say that f(x) is bi-y-positive.

Now we extend the concept of bi-y -positive to bivariate version, called homogeneous bi-y -positive.

Definition 3.4. Let f(x, y) be a bivariate polynomial such that

f(XvJ/)=a(X,J/)+X'b(X,J/)-

If a(x, y) and b(x, y) are both homogeneous y -positive polynomials, then we say that f(x, y) is homogeneous bi-y -positive.

From (12),
Lr=1)/2] lr/2]
Por(v%, /¥) . k- A _
#w D by x4y T+ Y e ey x4+ y)
x k=0 k=0
thus

PZr(\/_ \/_) Za(Zr k)x" = k_}’rPZr (%)

is a homogeneous bi-y -positive polynomial.

Theorem 3.3. For any nonnegative integer n, y!"/21p, <§) is a homogeneous y -positive polynomial when n is odd, and a homoge-
neous bi-y -positive polynomial when n is even.

The corresponding results for Q,(x) and Q,(x, ¥) can be deduced in an analogous way, for the sake of brevity, we omit
them here.

4. Determinantal expressions

It is known that some important combinatorial statistics can be expressed as the determinants of some matrices, e.g.,
derangement numbers and polynomials [8,9], Eulerian polynomials and their g-analogues [7], Bernoulli polynomials [27].
In this section, we will give two determinantal expressions of P,(x,y) and Qn(x, y), which are actually some particular
tridiagonal determinants. In particular, when a matrix of order 0 occurs, we require that its determinant is equal to 1.

Theorem 4.1. For any nonnegative integer n, the polynomial P,(x, y) can be expressed into the following tridiagonal determinant of
order n:

2y -1 0 - 0 0
2x2 — y?) 4y -1 - 0 0
0 6(x2—y%) 6
Pr(x, y) =x ) ( . v y
0 0 o - 2(n—1)y -1
0 0 0 - nn—1x*—y? 2ny
Proof. Let
2y -1 0 - 0 0
2(x2 — y?) 4y -1 - 0 0
0 6(x2—y%) 6
An(x,y) = Gy oy
0 0 0 - 2n—1)y -1
0 0 0 -+ nn—1x*—y? 2ny

22
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By expanding A, (x, y) along the last row, we get the recurrence relation

An(x, y) =20y - A1 (X, y) +n( = D = y%) - Ana(x, ¥).
Recall from Theorem 2.8 that the recurrence relation of P (x, y):

Pp(x,y) =2ny - Pp_1(x, ¥) +n(n — 1)(* — y*) - Pp_a(x, ¥).

Thus P,(x,y) and Ap(x, y), so and xA,(x, y), have the same recurrence relation.
Moreover, the initial conditions of P,(x, y) and xA(x, y) are the same, from

Pox,y) =xAo(x,y)=x and  Pi(x,y) =xA1(x,y) =2xy.

Finally, we are able to conclude with P, (x, y) =xAn(x,y). O

Let us give one illustrative example for Theorem 4.1. When n =5, we have

2y -1 0 0 0
2(x% — y?) 4y -1 0 0
Ps5(x, y) =x 0 6(x% — y?) 6y -1 0
0 0 12(x% — y?) 8y -1
0 0 0 20(x% — y?) 10y

=720xy°> + 2400x>y> + 720X y.

Similar to Theorem 4.1, we can obtain the following determinantal expression for Qn(x, y).

Theorem 4.2. For any nonnegative integer n, the polynomial Q(x, y) can be expressed into the following tridiagonal determinant of
ordern+1:

y -1 0 0 0 0
x2—y2 2y -1 0 0 0

0 2(x% — y?) 4y -1 0 0

Qx.y)=| © 0 6(x* —y?) 6y 0 0
0 0 0 0 2—1)y -1

0 0 0 0 conm—1DEE -y 2ny

Remark 4.1. It is interesting to see that after deleting the first row and the first column of the determinant corresponding
to Qn(x, y), we would revisit the determinant corresponding to P,(x, y) given in Theorem 4.1.

For example, we have

-1 0 0 0 0
x2—y2 2y -1 0 0 0
| o 2(x2 — y?) 4y -1 0 0
Gry= 0 6(2 — y?) 6y 1 0
0 0 0 12(x2 — y?) 8y -1
0 0 0 0 20(x% — y%) 10y

=120x° + 1800x* y? + 1800x° y* + 120y5.

In addition to the above two determinantal expressions each of which is just for P,(x, y) and Q,(x, y) independently,
we have also the mutual determinantal expressions between P, (x,y) and Q,(x, y). We will use Theorems 2.9 and 2.14 for
proving Theorems 4.3 and 4.4, respectively. Basically, their proofs are similar to Theorem 4.1, thus we do not present the
detailed proofs again.

Theorem 4.3. For any nonnegative integer n, the polynomial P,(x, y) can be expressed into the following determinant of order n + 1,
involving in Qo(x, ), Q1(x, ¥), ..., Qn(X, ¥):

23
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Qo(x, y) 1 0 e 0 0
X —y?
Qi1(x, ¥) 7 1 0 0

QLEy 0 A

Y- Pax,y)=(=1)"x

Qn-1(x,y) 0 0 m—l)(yﬁ 1
Qn(x, y) 0 0 ... 0 n(x*—y?)
For example,
Ps(x,y)
y 1 0 0
X2 +y? xz;)’z 1 0
5 X 6y +2y° 0 Hn g
= y 6x* + 36x%y? +6y4 0 0 3(x2;y2)
120x*y + 240x%y> + 24y° 0 0 0
120x° + 1800x*y? + 1800x%y* + 120y® 0 0 0

=720%°y + 2400%° y> + 720xy°.
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0 0
0 0
0 0
1 0
4(x*—y?
( éy) S(le_yz)
y

Theorem 4.4. For any positive integer n, the polynomial P,(x, y) can be expressed into the following determinant of order n + 1,

involving in Qo(x, y), Q1(X, ¥), ..., Qn(X, ¥):

x- Pn(x,y)
Qo(x,y) 1 0 0
Qi(x. y) e 1 0
2(y2—x2)? 2\ y2—x?
1y Q2(x, y) S (D5
n=DI(y2—x>)""1  m—1\ (n—2)!(y2—x2)"—2 n—1y y2—x?
Qn-1(x,¥) Tt ( 1 )T (nfz) y
ni(y? )" m) (1=DIy*—x*)"! n_y 22 —x*)?
Quixy) — BUL (HEDOOr L ()2

1

22
(nzl) . yx

For any nonnegative integer n, the polynomial Q,(x, y) can be expressed into the following matrix of order n + 1, involving in

Po(x,y), P1(x,¥), ..., Pu(x, ¥):

X- Qn(x,y)
Po(x, y) 1 0 0
2_ 2
P1(x,y) rox 1 = 0
20227 2 ¥ -2
=(—-D"y P2t ) ¥ ()
=121 m-1) =212 —x*)"~? n—1y y2—x?
Ppoa(x,y) ——m——— (])yn——z (i) ¥
ni(y*—x*)" my (1=DIy*—x)"! n ) 22 —x*)*
Pn(x, y) - (1)T (n—Z)T

For example,

P4(x. y)

24

(n20) 5"
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y 1 0 0 0
2 y? £ 1 0 0
=(-1* 6x2y +2y° I 1 0
X
6x4 +36x2y2 + 6y4 3!(312;%2)3 G) 2(y2—2x2)2 (3) y2=x? 1
Yy y y
4 2.3 5 A2t (43102203 4y 202-x2)% 4y y2=x?
120x*y + 240x-y> + 24y 7 (1) 33 (z) 2 (3) y
=24x> 4 240x3y? + 120xy*
and
Qa(x, ¥)
X 1 0 0 0
2y rox 1 0 0
y 27 2\2 22
=)' 223 + 6xy? W (L 1 0
1v2—x2)3 3\ 2(y%—x%)> 3y y2—x?
24x3y + 24xy3 3‘(yy3x ) (1) 32 (2) T 1
2_,2\4 2_ 4,23 2,242 2_ 42
240 + 2400 y? 4 120xy* LW (RN (2P (4 2o
=120x*y + 240x%y> + 24y°.

Recall that
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Pp(x, 1) =XPn(x*), Qn(x,1) = Qn(x?).

Thus we can also get some determinantal expressions of P,(x) and Qp(x), as the corollaries of Theorems 4.1, 4.2, 4.3, 4.4.

Corollary 4.1. For any nonnegative integer n, we have

2 -1 0 0 0
2(x—1) 4 -1 0 0
0 6(x—1 6 0 0
Pn(x) = ( . ) .
0 0 0 2n—1) -1
0 0 0 nn—1)x-1) 2n
Corollary 4.2. For any nonnegative integer n, we have
1 -1 0 0 0 0
x—1 2 -1 0 0 0
0 2x—1) 4 -1 0 0
Qx)=| 0 0 6(x—1) 6 0 0
0 0 0 0 2(n—1) -1
0 0 0 0 nn—1)x—-1) 2n
Corollary 4.3. For any nonnegative integer n, we have
Qo(x) 1 0 e 0 0
Qi(x) x-—1 1 e 0 0
X 0 2(x—1
Pn(X) — (_l)n QZ.( ) ( ' )
Q-1 O 0 (n-Dx-1) 1
Qn(®) 0 0 0 nx—1)

25
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Corollary 4.4. For any positive integer n,

Xx-Pp(x)
Qo(x) 1 0 0 0
Q1 (%) 1—x 1 0 0
—x)2 21—
1y Qz’(X) 2(1’><) (1)(1. X)
Qo1® =DIA-20"1 ("THe-211-0"2 - (T)A-x) 1
Qn(x) n!(1—x)" Da—=Dra—x"1t .. (")20-%% (,")1-x
For any nonnegative integer n,
Qn(x)
Po(x) 1 0 0 0
P1(x) 1—x 1 0 0
(1| P2 2(1-—x>2 (?)(1.—x)
Pioi(x) (n—D!A-20"1 ("TNn-2)11-x0"2 .. (DA -x 1
Pp(x) nl(1—x)" Ha—D1a—x"t ... (")20-0% (,")1-x

5. More combinatorial properties

Actually, the two numbers a(n, k) and b(n, k) also enjoy other common combinatorial properties, such as Pélya-frequency,
unimodal, log-concave, real-rooted, asymptotic normality.

First, let us recall the definitions of Pélya-frequency, unimodal, log-concave sequences. Let ag, aj, az, ... be a sequence of
nonnegative real numbers.

e The sequence ap, ay, dy, ... is called unimodal if

Ao <A1 K- KA1 S A 2 Agy1 2 -0

for some k.
e The sequence ap,as,a, ... is called log-concave if a;_1a;4+1 < ai2 foralli>1.
e The sequence ap, dj, ay, ... is called a Pélya-frequency sequence (or a PF sequence for short) if the matrix (a;—j);i j>o is

a totally positive matrix (all minors of the matrix (g;—;); j>o are nonnegative).

The readers can refer to [19,28] for more information on these subjects. In particular, Wang and Yeh [28] gave a very
nice criterion to confirm if a triangular array satisfying some recurrence relation would be a PF sequence.

Lemma 5.1. [28, Corollary 3] Let {T (n, k)} be a triangular array defined by

T(n,k)=(@n+bk+c)T(n—1,k—1)+ (en+ fk+g)Tn —1,k).

Suppose that af >eb and (a+ b +¢) f > (e + g)b. Then the triangular array {T (n, k)} is PF, and thus unimodal and log-concave.

Applying Lemma 5.1 to the triangular arrays {a(n,k)} and {b(n, k)}, by virtue of (3) and (4), we can get the following
result immediately.

Theorem 5.1. The triangular arrays {a(n, k)} and {b(n, k)} are both PF sequences, and thus unimodal and log-concave.

Remark 5.1. Notice that all the roots of P,(x) and Q,(x) are real, simple, and negative, since {a(n, k)} and {b(n, k)} are both
PF, see also [28].
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Assume that X;, is a sequence of random variables with mean u, and variance 0,12, where n € N. Let

1 t?
N(X)=\/T_ﬂ_/ exp(—5> dt.

In the research on combinatorial enumeration, it is frequently found that for each x € R,

Prob(Xy, < pin +x0y) = N (%),

as n — oo, e.g., Stirling numbers of the second kind [15], Eulerian numbers [2], numbers of cycles (inversions, left-to-
right minima, respectively) in a random permutation [13]. Under this situation, we would call X, is asymptotically normal
distributed with mean w, and variance onz.

Let us recall the asymptotic distribution theory for Eulerian-type recurrences established by Hwang et al. [16]. Consider

the sequence of functions A,(x) defined recursively by

An(®) = (@@n+yX)A—1(x) +BR(A —Xx) A1), n>1, (25)

where Ag(x), a(x), B(x), and y (x) are given. In particular, when

Ao =1,  aX=px)=x, yE®=1-x

the function A, (x) specializes to the classical Eulerian polynomial.
For each n > 0, define the random variable X, by

k
Prob(X, = k) = M, k>0, (26)
An(1)

where [xX]An(x) denotes the coefficient of x* in the polynomial Aj(x).

Lemma 5.2 (Asymptotic normality of X;). [16, Theorem 1] Assume that the sequence of functions An(x) is defined recursively by
(25) satisfying (i) [x*]An(x) = 0 and Ap(x) 2 0 for k,n > 0, and (i) Ag(x), a(x), B(x) and y (x) analytic in |x| < 1. If, furthermore,
a(1)+28(1) > 0and 02 > 0, where

__adO 2 o) —2up' () —ap?
T T St ST SISy TC

then the sequence of random variables X;, defined by (26), satisfies X, ~ N (un, o2n), namely, X, is asymptotically normally dis-
tributed with the mean and the variance asymptotic to un and o %n, respectively.

Recall the recurrence relations for P,(x) and Q(x) given in Theorem 2.7:
Pp(x) = ((x+ Dn+1—x)Py_1(x) + 2x(1 = X)P,_; (%)
and

Qn(x) =n(x+1)Qn-1(x) +2x(1 —X)Q_1 (x).

As an application of the asymptotic distribution theory for Eulerian-type recurrences from Hwang et al. [16, Theorem 1], by
setting

aX)=x+1, Bx) =2x, yx)=1-—x for Py(x),
and

ax)=x+1, Bx) =2x, yx) =0 for Qu(x),

we can confirm the asymptotic normality of the sequences {a(n, k)} and {b(n, k)}.

Theorem 5.2. Each of the sequences {a(n, k)} and {b(n, k)} is asymptotically normally distributed with the mean and the variance

asymptotic to § and ¢, respectively.
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6. Concluding remarks

In this paper, we propose a new kind of signed permutations and related multivariate polynomials F,, Gn, Hy, Ly, as
well as the univariate polynomials P,(x) and Q,(x) and the bivariate polynomials P,(x, y) and Q,(x, y) as the generating

functions of a(n, k) = n!(é};ﬂ) and b(n, k) = n!(";kl). A lot of combinatorial properties of them are revealed, e.g., recurrence

relations, (homogeneous) y -positivity, (homogeneous) bi-y -positivity, determinantal expressions, Pdlya-frequency, unimodal,
log-concave, real-rooted, asymptotic normality.
We believe that there remain many interesting related questions to be explored. For example,

e In Lemma 3.1 we established the mutual recurrence relations and initial conditions for the y -coefficients a(r, k), B(r, k),
and ¢(r, k) associated with P,(x) (and similarly for P,(x,y)). A natural next step is to investigate whether these y-
coefficients admit combinatorial models or combinatorial interpretations.

e In this paper we primarily analyze the generating function L(x, y) defined in terms of the number of sign changes. It
is therefore natural to further study the combinatorial properties of the generating functions defined in terms of the
number of ascents and/or descents.
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